




presented to the University of Waterloo
in fulfillment of the




Waterloo, Ontario, Canada, 2008
c© Colin Hayman 2008
Author’s Declaration
I hereby declare that I am the sole author of this thesis. This is a true copy
of the thesis, including any required final revisions, as accepted by my exam-
iners.




In discussing the question of rational points on algebraic curves, we are usu-
ally concerned with Q. André Weil looked instead at curves over finite fields;
assembling the counts into a function, he discovered that it always had some
surprising properties. His conjectures, posed in 1949 and since proven, have
been the source of much development in algebraic geometry. In this thesis
we introduce the zeta function of a variety (named after the Riemann zeta
function for reasons which we explain), present the Weil conjectures, and
show how they can be used to simplify the process of counting points on a
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1 Introduction
1.1 The zeta function of a variety
The Weil conjectures, proposed by André Weil in 1949 [1], are a series of con-
jectures about the number of points on algebraic varieties over finite fields.
They centre on the concept of the zeta function of a variety.
Definition. Let K be the finite field with q elements and Kr the degree-r
extension of K (i.e. the finite field of order qr). Given a projective variety
V defined over K, we define the zeta function of V over K to be the formal
power series








where Nr is the number of points on V over Kr.
Remarks:
1. Note that since ZV/K(T ) is a formal power series, we may ignore issues
of convergence.
2. Where no ambiguity is possible, we will suppress the subscript V/K
and write Z(T ).
3. For simplicity, we will usually use affine coordinates and equations for
projective varieties, keeping in mind the point at infinity.
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This process is reversible. If we have the zeta function, we can recover the
Nr by finding the Taylor series of logZ(T ) and equating coefficients. Equiv-










Because of the exponentiation, we would expect Z(T ) to be a transcendental
function. Remarkably, as long as V is smooth, the result turns out to have
a simpler form. Consider for example the variety V over P1 defined by the
homogeneous equation Y = X. No matter which field K and extension Kr
we are working in, the only point on this variety is [1 : 1]; thus Nr = 1 for
all r. But now










For another example, consider the trivial variety V over Pn defined by no
equations, over the fields Kr of order q
r. The number of points in Pn over
Kr is equal to the number of ways to choose n + 1 elements of Kr not all






































(− log(1− qiT ))
=
1
(1− T )(1− qT ) . . . (1− qnT )
The zeta function in both cases is rational. That this is the case in general
is the first of Weil’s conjectures, which, without further ado, we now state.
Theorem. (Weil Conjectures) Let K be a finite field of order q = pm, p
prime, and V/K a smooth projective variety of dimension n. Then the zeta
function ZV/K(T ) has the following properties:
1. Rationality:
Z(T ) ∈ Q(T ).
3
2. Functional Equation: There is an integer ε, the Euler characteristic of






= ±qnε/2T εZ(T ).
3. Riemann Hypothesis: There is a factorization
Z(T ) =
P1(T )...P2n−1(T )
P0(T )P2(T )...P2n(T )
with Pi(T ) ∈ Z[T ] for all i. Further, P0(T ) = 1−T , P2n(T ) = 1−qnT ,





with |αij| = qi/2.
4. If V is the reduction mod p of a variety Ṽ defined over a subfield of C,
then
degPi(T ) = bi(Ṽ ),
the ith topological Betti number of Ṽ in the analytic topology.
These are still known today as the Weil conjectures, but they are in fact
proven. The special case of curves had been disposed of by Weil himself (in
fact, he gave two proofs, in [2] and [3]); this was among the evidence that
led him to propose the conjectures. The proof for smooth varieties in general
was gradually put together over the following 25 years. Bernard Dwork es-
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tablished the rationality condition in 1960 [4]. Alexander Grothendieck led
the attempt to attack the conjectures with the theory of étale cohomology,
which he created for the purpose; he succeeded in proving all but the Rie-
mann hypothesis [5]. This final gap was closed by Pierre Deligne in 1973 [6],
building on Grothendieck’s methods.
1.2 Special cases
The Weil conjectures take a simpler form if we assume V is a curve (that is,




with Pi(T ) ∈ Z[T ] for all i; and we also know P0(T ) = 1−T , P2(T ) = 1−qT ,





with |αj| = q1/2. Writing P = P1, we have
Z(T ) =
P (T )
(1− T )(1− qT ) .
What else can we say about P (T )? If V is the mod p reduction of a curve
Ṽ over C, then degP will be the first topological Betti number of Ṽ . As it
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happens, the Betti numbers of an algebraic curve over C are
b0 = 1, b1 = 2g, b2 = 1
where g is the genus of the curve. [7] Thus P is of degree 2g (and b0 and b2
correctly correspond to the degrees of 1− T and 1− qT ).
In the special case where V is an elliptic curve, we can say more. The
genus of an elliptic curve is always 1 (since an elliptic curve, viewed in C, is
homeomorphic to the surface of a torus); thus P (T ) is quadratic. Further,
it factors as (1 − αT )(1 − βT ) for some α, β ∈ C of modulus √q. Since
P (T ) ∈ Z[T ], we see that α and β must be complex conjugates (unless one
is
√
q and the other −√q, but we will demonstrate that this cannot occur
during the proof of the Weil conjectures for elliptic curves). Thus
Z(T ) =
1− aT + qT 2
(1− T )(1− qT )
for some a ∈ Z.
1.3 Connection to the Riemann zeta function
The second and third Weil conjectures are the motivation for the function’s
name: the famous Riemann zeta function ζ(s) has analogous properties.

























To see the similarities between this function and ZV/K(T ), we will transform
the latter as follows:
ζV/K(s) = ZV/K(q
−s)
This transformed version is the true analog of the Riemann zeta function. (In
fact, some sources prefer this to Z(T ) as the definition of the zeta function
of V .) We will demonstrate why this is so. First, Riemann’s ζ obeys a
well-known functional equation:




which, if we let ξ(s) = π−s/2Γ( s
2
)ζ(s), takes the symmetric form
ξ(1− s) = ξ(s).
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Similarly, if we assume the functional equation for ZV/K , we have





for the special case of elliptic curves, whose Euler characteristic ε is zero (by
the basic topological formula ε = 2− 2g), we have
ζV/K(n− s) = ζV/K(s).
As for the Riemann hypothesis, the familiar statement for Riemann’s ζ is
∀s 6∈ Z : ζ(s) = 0 =⇒ <(s) = 1
2
.
(The condition s 6∈ Z excludes the trivial zeroes at −2, −4, etc.) Similarly,
if ZV/K takes the form in Weil’s third conjecture, we have
ζV/K(s) = 0 =⇒ ZV/K(q−s) = 0
=⇒ ∃i, j : qs = αij, i odd
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which, upon taking (complex) logarithms, gives
<(s log q) = <(logαij)
(log q)<(s) = log |αij|







In the special case of elliptic curves, i can only be 1 here, and we have
<(s) = 1
2
, exactly as in the standard Riemann hypothesis.
2 Using the Weil conjectures
2.1 Elliptic curves
The Weil conjectures guarantee that the zeta function of a variety can be
written as a rational function of a certain form; in particular, it is determined
by the values of finitely many constants (the αij in the Riemann hypothesis).
Since the Taylor series of this rational function must match the zeta function,
we can find the constants by comparing the initial terms of the Taylor series
to the zeta function coefficients. (In general, if there are n constants to find,
we will need n of the Nr.) In turn, once we know the constants, we can com-
pute the Taylor series in full. The Weil conjectures thus make it possible to
determine all the Nr for a particular variety based on a finite number of them.
9
As a first example, consider the variety
V : y2 = x3 − 1
over the finite fields Kr of order q
r. If charK is 2 or 3, the variety V will be
singular, so we begin with q = 5. Since V is an elliptic curve, we have
Z(T ) =
1− aT + 5T 2
(1− T )(1− 5T ) , a ∈ Z
according to our work in §1.2. Thus we need only determine the value of a
to obtain the whole function. Using the Taylor series expansion, we find
logZ(T ) = (6− a)T + (18− 1
2
a2)T 2 + (42 + 5a− 1
3












Now N1 is the number of points of V over the field F5. By straightforward
enumeration, we find that the points are
[0 : 1 : 0], [0 : 2 : 1], [0 : 3 : 1], [1 : 0 : 1], [2 : 4 : 1], [3 : 1 : 1]
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for a total of 6. Thus N1 = 6 and a = 0, and we can state the exact zeta
function:
ZV/K(T ) =
1 + 5T 2
(1− T )(1− 5T ) .
We can now obtain any value of Nr we wish by using the Taylor series co-
efficients. For example, the coefficient of T 3 in the Taylor series is 42; and
enumeration confirms that N3 = 126 = 3(42).
The same method will work for a general q. Computing the Taylor series
of logZ(T ) gives
a = 1 + q −N1,
so we only need N1 to determine the zeta function, and in turn, the number
of points on V over any of the fields Kr. (It is particularly interesting to
note that any two elliptic curves V1 and V2 which have the same number of
points in K will have the same number in any extension Kr.) Substituting
this expression for a back into the zeta function, we can give the following
explicit formula:
Proposition 1. Let V be a nonsingular elliptic curve defined over the field
K of order q. Then the number of points of V over the degree-r extension








1− (1 + q −N)T + qT 2





where N is the number of K-rational points of V .
This is a complicated formula, but it will give us any Nr in terms of N and
q. Here are the first few cases, in which some interesting patterns appear:
N2 = 2N(1 + q)−N2
N3 = 3N(1 + q + q
2)− 3N2(1 + q) +N3
N4 = 4N(1 + q + q
2 + q3)− 2N2(3 + 4q + 3q2) + 4N3(1 + q)
+ 4N3(1 + q)−N4
N5 = 5N(1 + q + q
2 + q3 + q4)− 5N2(2 + 3q + 3q2 + 2q3)
+ 5N3(2 + 3q + 2q2)− 5N4(1 + q) +N5
2.2 Hyperelliptic curves
Next, consider
V ′ : y2 = x6 − 1
over the same fields. This is not an elliptic curve, so the form of the zeta
function will be more complicated. We must allow for a function of the form
Z(T ) =
P (T )
(1− T )(1− 5T )
where the degree of P is 4 (twice the genus of V ′). However, we know by
the Riemann hypothesis for this curve that the roots of P occur in conjugate
12
pairs and have modulus
√
5. Thus we let
P (T ) = (1− aT + 5T 2)(1− bT + 5T 2), a, b ∈ R.
Computing the Taylor series of this function gives





With two constants to find, we need two coefficients in order to determine
P (T ). The values of Nr this time cannot easily be found by hand, but using
a computer program, we can calculate the first few values:
N1 = 6;N2 = 46;N3 = 126;N4 = 526.
Once again, we use the rule that the rth coefficient of logZ(T ) is Nr
r
. This
time we get a system of equations:
6− a− b = 6,
23− 1
2
(a2 + b2) = 23.
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We can stop here; indeed, we do not even need the first equation, as the
second gives us a = b = 0 at once. Thus
P (T ) = (1 + 5T 2)2
and
Z(T ) =
(1 + 5T 2)2
(1− T )(1− 5T )
Note that this is the zeta function for y2 = x3−1 with the numerator squared.
This is not a coincidence. The details are beyond the scope of this thesis; the
key, however, is that V ′ has a nontrivial automorphism φ given by (x, y) 7→
(−x, y). This, along with the factorization y2 = −(x3−1)((−x)3−1), makes
the curve isomorphic to the Jacobian variety of y2 = x3 − 1, which in turn
brings about the relationship between the two zeta functions.
2.3 Quadratic twists
Consider an elliptic curve in Weierstrass form
V : y2 = f(x) = x3 + bx+ c
over the finite fields Kr where |K| = q = pm, p 6= 2. We can apply a so-called
quadratic twist to this curve by introducing a constant multiplier:
Ṽ : ay2 = f(x), a ∈ Fq, a nonsquare
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If a were a square in Fq = K, the results would be of no interest. For suppose
a = k2; then the map (x, y)→ (x, ky) is an isomorphism from Ṽ to V . Thus
we require that a is a nonsquare.
How should we expect the zeta function of Ṽ to compare with that of V ? To
answer this, we must find the connection between the Nr and the Ñr, where
Ñr is the number of points on Ṽ over Kr.
We begin in K1 = K and consider the values that x and y can take on.
For any x, f(x) is either a square or a nonsquare in K.
• If f(x) is a nonzero square, it has two square roots in K, each a value
of y such that (x, y) satisfies y = f(x); thus the two points [x : y : 1]
lie on V .
• If f(x) is a nonsquare, then a−1f(x) is a square. (Since p 6= 2, the
subgroup of squares in the multiplicative group K∗ has index 2; it is
easy to show that two elements lying outside an index-2 subgroup have
a product inside the subgroup.) In this case there will be two values of
y satisfying the “twisted” equation ay2 = f(x) and two points [x : y : 1]
on Ṽ .
• Finally, if f(x) is 0, y must also be 0, so we have one point on each of
the curves V and Ṽ .
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Thus each of the q possible values for x gives us two points in total – either
two on the same curve or one on each. Taking into account the point at
infinity [0 : 1 : 0] on each curve, we have the following relationship:
N1 + Ñ1 = 2(q + 1).
We can apply the same reasoning in the extension fields Kr, but now we
must be careful, since a may become a square. This will happen if and only
if Kr is a splitting field for the irreducible quadratic x
2−a. The smallest such
splitting field, unique up to isomorphism, is K2 (recall that one standard way
to construct Kr is to adjoin a root of a degree-r irreducible polynomial). So
a is a nonsquare in Kr if and only if Kr contains K2 as a subfield. But a
basic result in finite field theory is that
Fpm is a subfield of Fpn ⇐⇒ m | n.
Thus a remains a nonsquare in Kr if and only if 2 - r, i.e. r is odd. Based






2(qr + 1)−Nr, r odd
Nr, r even
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We can apply this to the zeta function for Ṽ (which we will denote Z̃).






































































∴ Z̃(T ) = (1 + T )(1 + qT )
(1− T )(1− qT )Z(−T ) (*)
This is an interesting relationship. Thus far, however, we have not used the
Weil conjectures. Using them gives us not only a better result but also an
easier proof. Recall that since V is an elliptic curve, we have
Z(T ) =
1− (1 + q −N)T + qT 2
(1− T )(1− qT )
where N is the number of K-rational points on V . But Ṽ is also elliptic –
indeed, the isomorphism (x, y) 7→ (ax, ay) gives us its equation in Weierstrass
form as
y2 = x3 + (a−1b)x+ (a−1c).
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Thus we can apply the same formula. Recalling that Ñ = 2(q + 1) − N
(where Ñ = Ñ1), we have
1 + q − Ñ = −(1 + q −N),
and so
Z̃(T ) =
1 + (1 + q −N)T + qT 2
(1− T )(1− qT ) ,
which is the same result we would get by using (*). Thus, given the zeta
function of an elliptic curve, one can immediately write down that of its
quadratic twist simply by changing the sign of the T coefficient in the nu-
merator.
In particular, for our example of y2 = x3 − 1 over K = F5, with the zeta
function
ZV/K(T ) =
1 + 5T 2
(1− T )(1− 5T ) ,
we see that the quadratic twist (e.g. 3y2 = x3 − 1, which is isomorphic to
y2 = x3 − 2) has precisely the same zeta function.
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3 Proof of the Weil conjectures for elliptic
curves
Weil himself, several years before the 1949 paper posing his conjectures, was
the first to prove that they hold for the special case of elliptic curves. We
will present this proof. We begin by introducing two concepts critical to the
proof: the Tate module and the Weil pairing.
The Tate module
Let V be an elliptic curve over a general field K, and fix an algebraic closure
K of K. For each integer m, we define the multiplication map [m] on the
curve group of V in the natural way (that is, by adding P to itself m times):
[m]P = mP.
This is clearly an endomorphism. The m-torsion subgroup V [m] is the kernel
of this map; that is, the set of points of order dividing m.
V [m] = {P ∈ V : [m]P = O}
This is indeed a subgroup of the curve group of V . Further, note that for
any m and k, there is a natural map from V [km] to V [m] given by P 7→ [k]P .
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We can say a great deal about the structure of these torsion subgroups:
Theorem 1. Let V be an elliptic curve over a general field K, and m 6= 0
an integer.
a. The multiplication map [m] on the curve group of V has degree m2.
b. If char(K) = 0, or if char(K) = p and p - m, then
V [m] ∼= (Z/mZ)× (Z/mZ).
c. If char(K) = p, then either
V [pn] ∼= {0} for all n ∈ Z+ or
V [pn] ∼= Z/pnZ for all n ∈ Z+.
Proof. See [8] §III.6.4.
However, we have more than this. V [m] is also subject to a natural group
action by the Galois group GK/K . For let GK/K act on points of V by acting
on each coordinate, and let φ ∈ GK/K and P ∈ V [m]; then
[m]φ(P ) = φ([m]P ) = φ(O) = O,
so φ(P ) ∈ V [m]. Thus each φ ∈ GK/K acts as an automorphism on V [m],
20
and we have an injective map (assuming now that m is coprime to char(K)):
GK/K → Aut(V [m]) ∼= GL2(Z/mZ).
Note that the isomorphism above depends on the basis chosen for V [m]; in
particular, we have to find one. This is not always convenient. The Tate
module is one way to get around this problem: rather than looking for bases
for individual m-torsion subgroups, we fit a large class of them together with
appropriate maps and find a basis for the entire structure.
Definition. For any elliptic curve V and prime number l, we define the
(l-adic) Tate module of V to be the inverse limit
Tl(V ) = lim←− V [l
n],
where the limit is taken with respect to the natural maps
V [ln+1]
[l]−→ V [ln].
This construction is analogous to that of the l-adic integers, so it is not
surprising that Tl(V ) turns out to be a Zl-module. The action of Zl on Tl(V )
extrapolates in a natural way from the action of Z/lnZ on V [ln] for each n,
and we have the following:
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Proposition 2. The structure of Tl(V ) as a Zl-module is
Tl(V ) ∼= Zl × Zl if l 6= char(K),
Tl(V ) ∼= {0} or Zl if l = char(K).
Now the action of GK/K on the various groups V [l
n] commutes, as we have
seen, with the multiplication maps [l] between them. Thus the action of
GK/K extends naturally to Tl(V ).
Next we consider End(V ), the set of isogenies (morphisms that fix O) on
V . If φ ∈ End(V ) and P ∈ V [ln], we have
[ln]φ(P ) = φ([ln]P ) = φ(O) = O,
so φ induces a map from each V [ln] to itself. Further, these maps agree with
the maps that make up the inverse limit Tl(V ). Thus φ induces a map on
the whole Tate module:
φl : Tl(V )→ Tl(V ).
Further, φl is Zl-linear. Thus the map φ 7→ φl gives us a ring homomorphism
from End(V ) to End(Tl(V )) (where the latter End refers to group homomor-
phisms, not isogenies). This is injective, and in fact we can say something
stronger.
Proposition 3. If V/K is an elliptic curve and l a prime not equal to
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char(K), then the natural map
End(V )⊗ Zl → End(Tl(V ))
is injective.
Proof. See [8] §III.7.4.
The Weil Pairing
We note first the following fact about divisors on an elliptic curve V :
Proposition 4. For any family of integers {nP}P∈V , the divisor
D =
∑
nPP ∈ Div(V )
is principal (that is, the divisor of some rational function) if and only if
D ∈ Div0(V ) (i.e. ∑nP = 0) and
∑
[nP ]P = O in the curve group of V .
Proof. See [8] §III.3.5.
Let V be an elliptic curve over a field K of characteristic p, K a fixed algebraic
closure of K, and m ≥ 2 an integer coprime to p if p 6= 0. For any T ∈ V [m],
we know by the above proposition that there is a function f in K(V ), the
function field of V over K, such that
div(f) = mT −mO.
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Similarly, if T ′ ∈ V with [m]T ′ = T , there is a function g ∈ K(V ) such that
div(g) = [m] ∗ (T )− [m] ∗ (O) =
∑
R∈V [m]
(T ′ +R)− (R).
The functions f ◦ [m] and gm have the same divisor, so multiplying f by an
element of K
∗
if necessary, we may assume that
f ◦ [m] = gm.
Now suppose S ∈ V [m] (S may equal T ). Then for any X ∈ V , we have
g(X + S)m = f([m]X + [m]S) = f([m]X) = g(X)m.
Thus we can define the following pairing, which we call the Weil em-pairing:
em : V [m]× V [m]→ µm
(S, T ) 7→ g(X + S)
g(X)
,
where µm is the multiplicative group of mth roots of unity in K (note that
this is isomorphic to the mth roots of unity in C since m is coprime to p)
and X ∈ E is any point such that g(X + S) and g(X) are both defined and
nonzero. This pairing has several important properties.
Proposition 5. The Weil m-pairing is
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a. Bilinear:
em(S1 + S2, T ) = em(S1, T )em(S2, T ),
em(S, T1 + T2) = em(S, T1)em(S, T2).
b. Alternating:
em(T, T ) = 1, and so em(S, T ) = em(T, S)
−1.
c. Nondegenerate:
em(S, T ) = 1 ∀S =⇒ T = O.
d. Galois invariant:
φ(em(S, T )) = em(φ(S), φ(T )) ∀φ ∈ GK/K .
e. Compatible: If S ∈ V [km], T ∈ V [m], then
ekm(S, T ) = em([k]S, T ).
Proof. See [8] §III.8.1.
Since the Weil m-pairings are based on the m-torsion subgroups of V , it is
natural to ask whether we can extend them to the Tate module, which is
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an inverse limit of such subgroups. We can indeed do this. First we need a
construction analogous to the Tate module for the groups µm, so we define
the following:
Definition. If K is a field with algebraic closure K and l is a prime not
equal to char(K), we define the (l-adic) Tate module of K to be the inverse
limit
Tl(K) = lim←− µln ,
taken with respect to the lth-power maps
µln+1
πl−→ µln .
given by πl(x) = x
l. This is clearly much like the Tate module of an elliptic
curve. (In fact, it is isomorphic to their motivating example, Zl.) Our goal
now is to fit together the pairings
eln : V [l
n]× V [ln]→ µln
for all n, to get a pairing of the form
e : Tl(V )× Tl(V )→ Tl(K).
We do this in the natural way:
26
Definition. The Weil pairing on Tl(V ) is given by
e(S, T ) = eln(S, T )
for the smallest n ≥ 0 such that S, T ∈ V [ln].
Clearly such an n must exist and be unique. Now we need only demon-
strate that our chosen e is compatible with the maps making up the inverse
limits Tl(V ) and Tl(K). Recall that these maps are
V [ln+1]
[l]−→ V [ln] and µln+1 πl−→ µln
for all n. To show that e is compatible with these, suppose V [ln+1] is the
smallest ln-torsion subgroup containing the points S and T . Then V [ln] is
the smallest containing [l]S and [l]T . Now, using the properties of the Weil
ln-pairings, we have
(e(S, T ))l = (eln+1(S, T ))
l
= eln+1(S, [l]T )
= eln([l]S, [l]T )
= e([l]S, [l]T )
27
and so
πl ◦ e = e ◦ [l],
as required. Thus our definition of the Weil pairing is consistent with the
inverse limits Tl(V ) and Tl(K). Further, since it reduces to some Weil m-
pairing for any finite set of points, it inherits all the properties listed in
Proposition 5. Thus we conclude the following:
Proposition 6. For any elliptic curve V/K and prime l not equal to char(K),
the Weil pairing
e : Tl(V )× Tl(V )→ Tl(K)
is bilinear, alternating, nondegenerate, and Galois invariant.
Proof of the Weil conjectures
We now have the machinery required to proceed. Let V be an elliptic
curve defined over the finite field K of order q = pm. For any prime l,
we can construct the Tate module Tl(V ), and we have a natural injective
map End(V ) ↪→ End(Tl(V )) given by φ 7→ φl. Further, if l 6= p, we know
that
Tl(V ) ∼= Zl × Zl,
where Zl is the module of l-adic integers. Thus we can choose a basis
B = {v1, v2} for Tl(V ) as a Zl-module. The map φl may then be repre-
sented with respect to this basis as a 2× 2 matrix. We will write det(φl) and
28
tr(φl) for the determinant and trace of this matrix, respectively; note that
these are independent of B since any two matrices representing φl are similar.
We now claim the following:
Proposition 7. For any φ in End(V ),
det(φl) = deg(φ)
and
tr(φl) = 1 + deg(φ)− deg(1− φ).
In particular, detφl and trφl are in Z and do not depend on l.








Now we know that the Weil pairing
e : Tl(V )× Tl(V )→ Tl(K)
is nondegenerate, bilinear, and alternating. Letting [m] represent the multiplication-
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by-m map on V , and making use of the dual isogeny φ̂l (see [8]), we have
e(v1, v2)
deg φ = e([deg φ]v1, v2)
= e(φ̂lφlv1, v2)
= e(φlv1, φlv2)





But e is nondegenerate, so this implies that deg φ = detφl. Applying this to
1− φ as well, we get
1 + deg φ− deg(1− φ) = 1 + detφl − det(1− φl)
= 1 + (ad− bc)− ((1− a)(1− d) + bc)
= a+ d = trφl,
as required.
With these facts established, let φbe the (componentwise) qth-power Frobe-
nius endomorphism on V , which fixes exactly the points of V (K). This allows
us to isolate V (K) by comparing φ with the identity map:
#V (K) = deg(1− φ)
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Similarly, for each r ≥ 1, φr is the qrth-power Frobenius endomorphism and
fixes exactly the points of V (Kr). Thus
#V (Kr) = deg(1− φr)
Now consider φl. By Proposition 7, its characteristic polynomial ξ(T ) has
integer coefficients. We factor it as
ξ(T ) = det(TI − φl) = (T − α)(T − β)









det(m− nφl) = 1
n2
deg(m− nφ) ≥ 0
for any m
n
∈ Q. Since a monic quadratic with two distinct real roots must
take on negative values, it follows that the roots α and β of ξ(T ) are either
equal or complex conjugates. (This, at last, is the reason we did not need
to consider the possibility of
√
q and −√q in §1.2.) In either case, |α| = |β|.
But
αβ = detφl = deg φ = q,
so
|α| = |β| = √q. (*)
Now the eigenvalues of φrl are exactly the rth powers of the eigenvalues of
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φl, so the characteristic polynomial of φ
r
l must be
det(TI − φrl ) = (T − αr)(T − βr)
Combining this with our observation about V (Kr), we get
#V (Kr) = Nr = deg(1− φr)
= det(1− φrl )
= 1− αr − βr + qr.
With this information, we can verify the Weil conjectures for V .
Theorem. (Weil conjectures, elliptic case) If V/K is an elliptic curve
where |K| = q, there is an α ∈ Z such that
1.
ZV/K(T ) =
1− aT + qT 2









1− aT + qT 2 = (1− αT )(1− βT )
where |α| = |β| = √q.
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= − log(1− T ) + log(1− αT ) + log(1− βT )− log(1− qT ),
giving
ZV/K(T ) =
(1− αT )(1− βT )
(1− T )(1− qT )
=
1− aT + qT 2
(1− T )(1− qT )



















(α− qT )(β − qT )

















(1− βT )(1− αT )
(1− qT )(1− T ) = ZV/K(T ),
33
since αβ = q.
3. This follows from (*) and part 1 above.
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